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1. INTRODUCTION 
Let R be the ring of integers in Q(dz). The purpose of this paper is to 
list all unimodular lattices over R of rank at most 12 (up to &morphism.) 
Section 2 contains a list of pairwise nonisomorphic indecomposable uni- 
modular lattices over R. Some additional information about these lattices and 
their automorphism groups is also listed. The rest of the paper is concerned 
with showing that the list is complete. In other words, any unimodular lattice 
over R of rank at most 12 is isomorphic to some lattice on the list. The argument 
to show this is based on the “mass formula” which is proved in [2]. In fact the 
results of sections 3 and 4 are all aimed at explicitly evaluating the mass formula 
in the case needed here. 
Let G be a finite group which has an absolutely irreducible representation on - 
a vector space V over Q(v’-3) such that it affords a character which is an 
irreducible Brauer character modulo every prime. Then there exists a G-invariant 
1atticeL such that ifL* denotes the dual ofL then L = L* or [L*: L] = (d/--3)“. 
See e.g. [3, Theorem 3.81. The sporadic Suzuki group Suz has such a represen- 
tation in dimension 12. It can be seen by inspecting the list of unimodular 
lattices and their automorphism groups that Suz does not act on any of these. 
Thus Suz must preserve a lattice L with [L*: L] = (d/-3)“. This proves 
an assertion made in [3, p. 646j. 
The work on this paper was done several years ago with the hope of fmding 
some interesting lattices and automorphism groups. The results are somewhat 
disappointing since. for each of the listed lattices L, the sublattice Lt2) generated 
by all x with (x, X) = 2 has small finite index in L. This implies in particular that 
the automorphism group of L is closely related to a group generated by unitary 
reflections. 
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The reason the paper is being published now is that these results are of interest 
in connection with the study of codes over the field of 4 elements. See [5] for a 
systematic investigation of this latter subject. 
2. STATEMENT OF RESULTS 
Let w be a primitive cube root of 1. Thus Z[w] is a principal ideal domain and 
every finitely generated torsion-free Z[W] module is free. 
Let V be a vector space over Q(w) with a positive definite hermitian product 
(,). A Zat&e L in V is a finitely generated Z[w] module contained in V such that 
L contains a basis of V and (x, y) E Z[W] for X, y EL. 
The disuimimt d(L) of L is the determinant of an Hermitian matrix corre- 
sponding to the form on L. 
The dual L* of L is defined by 
L* = {X 1 x E V, (3, y) E Z[w] for all y EL}. 
Observe that [L*: L] = d(L)2. 
Let Lt2) denote the sublattice of L generated by all x in L with (x, X) = 2. 
Let &L) denote the number of x in L with (x, X) = 2. 
Let G(L) denote the group of all automorphisms L which preserve the form. 
Thus G(L) is a finite group. 
A lattice L is indecomposable if whenever L = Mr @ M, with M, 1 M, then 
it follows that either Ml = (0) or M, = (0). 
If M _C L and d(M) = 1 then it is easily seen that L = M @ MA. Thus an 
indecomposable lattice contains no proper sublattice of discriminant 1. In 
particular an indecomposable lattice which contains a vector x with (x, X) = 1 
has rank 1. 
Let I,, denote a lattice of rank 71 with an orthonormal basis. Equivalently 
I, = ((4 ,-., 4 I ai E Zl$l> 
and if x = (a, ,..., a,), y = (b, ,..., b,) then (x, y) = Cy-, a%& . 
We will now define some special lattices. 
A, C I,,+1 is defined by 
n+1 
A, = 
( 
(a, ,..., a +,) Iat E Z[wl, C ai = 0 . 
i-1 > 
For 01 E Z[W] define D,(a) C I,, by 
&(a) = ((al ,..., a,) 1 a, E Z[w], dfl a, E O(mod a)). 
u, = <A,, (ll(d=~)>(l, w, ma, 1, w, w”)>. 
utl = @,(2/--3), (l/(dT))(l,..., 1)). 
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E, , E, , E, are the lattices generated by the root systems of each of these 
types respectively. 
The groups G(U,), G( U,) and G(D,(G)) are complex reflection groups. 
See [4, p. 3011. 
Table III contains some properties of the lattices defined above. They can be 
verified in a straightforward manner by making use of known properties of 
root systems and reflection groups. 
Table I contains a list of indecomposable lattices of discriminant 1 in dimension 
at most 11. Table II contains a list of indecomposable lattices of discriminant 1 
in dimension 12. It is easily seen that all these lattices are indecomposable. In 
each case p,(L) is easily computed from Table III (though it is a bit tedious to 
check that ,!P is as stated in each case). Every element in G(L) preserves U2). 
This makes it fairly straightforward to compute 1 G(L)1 in each case. The 
data in Tables I and II immediately shows that except perhaps for lattices 4 
and 5 in Table II no two of the lattices listed can be isomorphic. If lattices 4 
and 5 in Table II were isomorphic then there would have to be such an 
isomorphism which preserves A,, = L(z). This is clearly not true as G(L) = 
G(L@)) and the lattices are not equal in this case. Thus Tables I and II contain 
a list of pairwise nonisomorphic indecomposable lattices. 
3. p-ADIC LATTICES 
Throughout this section the following notation will be used. 
p is a prime. Q, is the field of p-adic numbers and 2, is the ring of integers 
inQ,. 
F is an extension field of Q, with [F: QJ = 2. R is the ring of integers in F 
and rr is a prime in R. 
If (Y EF then 6 denotes its conjugate with respect to the nonidentity auto- 
morphism of F. 
V is an R-free R module of rank 1z which admits an R-valued hermitian form 
(,). The discriminant of this form is denoted by d(V). Of course d(V) is only 
defined up to multiplication by an element &, where 01 is a unit in R. H denotes 
the matrix of this form with respect to some basis. If HI denotes the matrix 
with respect to some other basis then we will write H N HI . As usual I denotes 
the identity matrix. The diagonal matrix with entries cyi ,..., OL, on the diagonal 
will be denoted by diag{cu, ,..., an}. If 01 is a unit in R then (a/p) denotes the 
Legendre symbol. 
LEMMA 1. If a E 2, with a + 0 (modp) then (i z) N (t f), 
Proof. There exist OL, /3 E R with Cuar + /3p = a. If (vi , vi) = a&ii for 
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1 < i, j < 2 define wi = (I/a)(c~i -t @,), wa -x (I/a)@, - &~a). Then 
(wi , wj) = ail and {wi} spans the same module as {vi}. 
LEMMA 2. If W is a submodule of V such that the restriction f the form to W 
has discriminant dl z+ 0 (mod n) then V = W @ W’-. 
Proof. Let VF V OR F. Clearly V, = W, @ W,l. Thus W r\ WL = - (0). 
If v E V then v = w -r w, with w E W, and w0 E W,l. Thus (w, wi) = (v, wl) E R 
for every wi E W. Since dl f 0 (mod rr) this implies that w E W. Hence 
w,, = v - w E V n W,l = WL as required. 
LEMMA 3. Suppose that either p # 2 01 F is an unramified extension of Q, . 
Assume that d(V) + 0 (mod p). Then there exists w E V with (w, v) + 0 (mod p). 
Proof. If this is false then (v, V) += 0 (modp) for all w E V. Since d(V) f 0 
(modp) there exists V, w E V with (v, w) f 0 (modp). If z: is replaced by a 
suitable multiple then it may be assumed that (w, w) = 1. Hence if c E R then 
(w+cw,o+cw)==c+~(modp). 
If p # 2 let c -: 1. If p == 2 then F is unramified by assumption and so 
every element in Z,/(p) is a trace from R/(p). Thus c can be chosen with 
C+T- 1 (modp). 
LEMMA 4. Suppose that either p + 2 OY F is an unramified extension of Q, . 
Assume that d = d(V) -f 0 (mod p). Then H N diag{l,..., 1, d}. 
Proof. Induction on n. If n -A 1 the result is clear. Suppose that n > 1. 
By Lemma 2 there exists ‘z; E V with (er, w) = E+ 0 (modp). If W is the one 
dimensional space spanned by v then Lemma 2 implies that V = W @ W’. As 
d(Wl) = de, induction implies that H - diag{l,...,l, 6, de}. If d .-: CG for some 
unit 01 in R then it may be assumed that d = 1. Thus the result follows in this 
case by Lemma 1. If d # Oral then the extension is ramified and (d/p) :.= - 1. 
It may be assumed that tiehter E = 1 or (r/p) : - 1. It may be assumed that 
either l 1 or (c/p) - -1. If l = 1 the result is proved. Otherwise it may 
be assumed that l d = 1 and so H - diag(l,..., I, e} N diag{l,..., 1, d} as 
required. 
LEMMA 5. Suppose that either p # 2 OY F is an unram$ied extension of Q, . 
Assume that d(V) $ 0 (mod p). If w1 , We E V with (wi , wi) = 1 for i .= I,2 
then there exists an automorphism of V which preserves the form and sends w, 
onto w2 . 
Proof. Let W, be the submodule of IT spanned by wi . By Lemma 4 it 
follows that W,l is isomorphic to W, I. The result follows from Lemma 2. 
If t E 2, let N,( pa, t) denote the number of ordered n-tuples (a, ,..., a,,) 
in R/( pa) such that xys1 c& = t (mod p”). 
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Let Aut(v/p”V) denote the group of all automorphisms of V/paV which 
preserve the form induced on I/lp”V. Let A,( pa) = 1 Aut( V/p”V)j. 
LEMMA 6. Suppose that either p # 2 or F is an unramijied extensbn of Q, . 
Aswne that d(V) = 1. Then the following hold. 
(i) For a 3 1, N,( pa, t) is the number of elements x in V/paV with 
(x, x) = t (mod pa). 
(ii) For a > I, A,( pa) = nym, N,( pa, 1). 
Proof. (i) By Lemma 4, H N I. This implies the result. 
(ii) By Lemma 4 there exists w E V with (v, w) = 1. If w E V with 
(w, w) E: 1 (mod pa) then (w, w) = 1 + cpa for some c E Z, . Since 
((I + cpa)/p) = 1 it follows that in any case 1 + cpa = /3F for some unit p 
in R. Thus if w = (l/)3) w then (a, w) = 1. Hence if wr , w, E V with 
(wi , wi) = 1 (mod pQ) th ere exists pi such that if wi y /3r’wi then (vi, vi) = 1. 
Since &is; = 1 (mod pa) the scalar which sends w to &w is in Aut( V/p”V). Hence 
by Lemma 5, Aut( V/p”V) is transitive on the set of all x E V/p”V with (x, x) = 1 
(mod pa). Furthermore if w E V with (w, w) = 1 and if W is the submodule 
generated by w then V/p”V = W/paw @ W.L/paWL. Since d(W) = 1 it 
follows that d( Wl) = 1 and so A,(p”) = N&P, 1) A,-@). The result 
follows by induction. 
LEMMA 7. Suppose that F is an unramijied extension of Q, and d(V) = 1. 
The following hold. 
(i) N,(pa, 1) = p*on--o{l - (-l)“/p”} for u >, 1. 
(ii) If p # 2 then N,(p”, 2) = N,(pa, 1) for a > 1. 
(iii) Zf a 3 3 then 
N,(2”, 2) = 22=n-5 1 - & t 2” 
I 
(--I)” 
I 
= 22on-a 1 _ qqll - e&2/. 
I 
Proof. Every unit is a norm. Hence if t E Z, and t + 0 ((modp) then 
N,(p”, t) = N&s=, 1). Th is in particular implies (ii). 
Let s range over the residue classes in Z,/(p”) which are not divisible by P. 
Let t range over the residue classes of Z,/( pa-r). Define 
Then 
fn(l) = c N,(P’, s) = (P” -Pa-‘) N91(P0, 1) 
f?%(O) = 1 N7l(P”9 pt). 
fn(0) + fn( 1) = pz”“. (1) 
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We will prove by induction that 
f#) = P l2a-l)n-l(p - l){P" - (-1)"). (2) 
If n == 1 it is easily seen that f”(O) = p*“-* since e = 0 (mod p) if and only 
if y E 0 (mod p). Hence the result follows from (1). Suppose that n > 1. 
gB, a8q f 0 (modp) if exactly one of the following conditions holds. 
n-1 
c a,C = O(mod p), 
is1 
a,c f O(mod p): 
n-1 
c DLai f O(mod p), 
f.=l 
a,,< E O(mod p): 
n-1 
y = 2 culi f O(mod P), GT, f 0, -y(mod P). 
f -1 
This implies that 
fn(l) =fn-I(O)f -tfn-l(l)fi(O) -tfn-l(l)fi(l) 11 - &I. 
Thus induction and (1) imply that 
fn(l) = (p20’+l) -fdN p*O-*(p* - 1) + 4”-%-l(1) 
+ (P - 2)(P + 1) Pa-Yn-l(l) 
= p*=n- ‘(p’ - 1) + p*a-*fn-l(l){l - p2 + 1 + p2 - p - 2) 
= P *an-Q2 - 1) - p(2a-l)n-l(p _ l){p”-1 _ (-l)“-1) 
=p(*a-lbl(p - I){P" + pn-l-p+' + (-1)“~1) 
=p(*o-lm-l(p - I){P" - (-I)"}* 
This proves (2). Since N,(I) =: (pa - pa-l)-* fn( 1), the proof of (i) is complete. 
Suppose now that p = 2 and a > 3. Define 
p-‘-l 20-’ 
g,(2) = 1 N&W + l)h g,(4) = C N&V). 
j-0 f-1 
Then by, (2) 
&a(2) + g,(4) = f”(0) = 2*“” -f”(l) = 2*0n-n-1{2” + (-1)“). (3) 
We will prove by induction that 
g”(2) = 2~2a-lh-1{22n-l - 1 + 2”-1(-])“}. (4) 
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If n = 1 then g,(2) = 0 as required. Suppose that n > 1. Then cyW, tiiG z 2 
(mod 4) if exactly one of the following conditions holds. 
n-1 
1 aiz = O(mod 4), 
i=l 
CX,,~ E 2(mod 4). 
n-1 
1 aiz z 2(mod 4), 
i=l 
a,,c z O(mod 4). 
n-1 
y = 1 asc f O(mod 2), 
i=l 
an% s y(mod 4). 
This implies that 
&l(2) = &-l(4) k-42) + &-l(2) g1w + *fn-l(l)fl(o 
Hence by (3) and induction 
20 gn(2) = 22=-2g,-l(2) + 3 * 2 - s+(2o-l)(n-1b1(p-1 _ (-l)n-1) 
= 2(2a-2)n+2n-4 _ 2(2a-2)~1 + 2(2a-2)n+n-3(-l)n-1 + 3 . 22o(n-1)+2cr-P 
_ 3 . 2(2a-l)(n-1)+20-4(-1)+-l 
= 2(20-2)n-1{22n-3 _ 1 + 2n-2(-l)n-1 + 3 . 22n-3 _ 3 . 2n-2(-l)s-l} 
= 2(2o-2)n-1{22n-l _ 1 _ p-l(-...l)“-l}* 
This establishes (4). Since iV,(2”, 2) = 2-(a-2)g,,(2), the result follows. 
LEMMA 8. Suppose that F is a ramified extension of Q, and d(V) = I. 
Assume that p # 2. The following hold. 
(i) N2,(P, 1) = N2AP, 2) = p3m-YPm - (---l/P)? 
(ii) If t is a unit in 2, then 
Nz,+dP, t) = Pam+l /Pm+ ($7 (f)/. 
Proof. Let N,(t) = N,(p, t) for all t, n. Let F, = Z,/(p). 
It may assumed that V? E Z, . If bi , ci range over a complete set of residue 
classes of (p) in Z, then N,(t) is the number of ordered n-tuples (b, + cl=,..., 
b, + c,rr) with Cy=l bi2 E t (modp). Th us if t is identified with its image in 
F,, it follows that N,(t) = p”K,(t), where K,(t) is the number of ordered 
n-tuples (4 ,..., b,) with bi E F,, and CF=, b,Z = t. 
Let L,(t) be the number of ordered n-tuples (b, ,..., b,) with b, EF,, and 
C;: bi2 - b,,2t = 0. Then 
K,(t) = & &a+&) - Kn(W for t # 0. (5) 
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The following formulas are well known. See e.g. [l, pp. 144-1461. 
K,,+,(O) = Lzm+*(t) = P2’)‘. 
I&(O) = p-1 + (=J (p”’ - p-1). 
L&O) = p-1 + (2,” ($i (pm - p-1). 
If these formulas are substituted into (5) they yield the desired results. 
4. THE MASS FORMULA 
The notation of Section 2 will be used in this section. 
Two lattices are in the same genus if matrices for the corresponding hermitian 
forms are congruent modulo every integer. 
LEMMA 9. Two lattices of rank n and discriminant I are in the same genus. 
Proof. By [2, Lemma 16] it suffices to show that the corresponding forms 
for two such lattices are congruent modulo 12. Since Qa(w) is an unramified 
extension of Qa and [Q,(w): Q] = 2 for p =- 2 or 3 it follows from Lemma 4 
that two unimodular lattices over Q,(w) are congruent for p = 2 or 3. This 
implies the result. 
Let 0 = 0, be a complete set of representatives of the isomorphisms classes 
of lattices of rank n and discriminant 1. By Lemma 9 any two lattices in 0 are 
in the same genus, and any lattice in that genus is isomorphic to exactly one 
lattice in 0. 
For L E 0 let G(L) denote the group of all automorphisms of L. If m E Z 
let Aut(L/mL) denote the group of automorphisms of L/mL. Then Aut(L/mL) is 
independent of the choice of L E 0. Let 
Aut,( p”) = Aut(L/p”L) for LEO,. 
If A,,@“) is defined as in Section 3 then A,,@“) = 1 Aut,,(p”)j. 
For any integer t and L E 0 let &L) denote the number of elements x EL 
with (x, X) = t. 
By Lemma 6, N,(p”, t) is the number of elements x in L/poL with (x, X) = t 
(mod pa) and L E 0, . 
LEMMA 10. (i) N,,(p”, t) = p zan-a{l - (--3/p)np-“} for a 2 1, p 7 6t. 
(ii) A&P) = pan’n~~ {I - (-3/p)+jp’-“} for Q > 1, p f 6. 
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(iii) Let p’ be the largest power ofp which divides t. If p # 2 and u > 2f + 1 
then N,(P”, t) po-2na is ina’epdent of a. If p=2 and a >2f + 3 then 
JV,(2”, t) 2a-2na is independent of a. 
Pmof. See [2, Lemmas 10 and Ill. 
Define 
A, = h(0,) = n A,(py p-a”‘, 
P 
(6) 
h,(t) = X(0, ) t) = n N,(p0, t) pa-*an, 
P 
(7) 
where for each prime p, a = u(p) is chosen sufficiently large so that the term 
in the product is independent of a. 
Define 
M, = M(0,) = (8) 
Mm(t) = M(O, , t) = 1 -. 
LE0, 1 W)I 
(9) 
The main result in [2] yields the following two formulas, the first being the 
mass formula. 
(10) 
M*(t) - =- et”-‘h,(t) (24 
M, (n - l)! 3n’2 
for t > 0 where z = 
I 
4 ifn=l, 
l if n , l 
. 
To evaluate A, and X,(2) it is necessary to compute the values of 5(2m) and 
42s + 1, x), where x(k) = (k/3). Th is is most easily done with the help of 
Bernoulli polynomials. The following results are well know. 
Let B,(t) = t - 3. Define the polynomial B,(t) inductively by B,‘(t) =
n&-,(t) and si B,(t) dt : 0. If these polynomials are considered as functions 
on the interval 0 -( t f 1 and expanded in Fourier series one gets 
B2m(t) = (24 q--1)“-’ -f cos 27jt 
(27y j,l 1”” * 
B2n+l(t) = (2m + l)! 2(-l)m-1 OD sin 2njt 
(2~)2m+l gl j2flZ+l * 
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Furthermore Bs,(O) == Z&n is the Bernoulli number BP,,, . Thus 
B,, = B&O) = (2m)j;;$)m--’ 5(2m). 
&m+dB) = 
(2m f l)! d3 (-l)“-’ L(2m + * x) 
cw”” 
, . 
Define 
a 2m+, ~ ~mt-*Y’--l &m+dQ) = (2d 32m+1’z 
2m + 1 (2m)*m+* L(2m + 1, x). 
Table IV contains some values of B,, and usm+i . 
TABLE IV 
(12) 
(13) 
m 0 1 2 3 4 5 6 
I 4, I 0 l/6 l/30 l/42 l/30 5166 69112730 
I %m+l I l/6 l/9 l/3 713 W/27 184713 - 
Ifp is an odd prime, p # 3, then (-3/p) = (p/3) by the quadratic reciprocity 
theorem. Hence the following formulas are all consequences of Lemmas 7, 8, 
and 10 (where a is chosen sufficiently arge). 
N&f=, 4 
P 
Lcm-0 = 11 - (p)” P-q if p 7 6t. (14) 
Nn(p”, 2) 
P aon-a 
= *-E$-//*-@&f/ 
I 
if p=2, (15) 
= *-k!& 
I 
if p = 3, n = 2m, 
= 1 + ‘-;r+ll 
I 
if p=3,n=2m+l. 
WP”, 1) 
P &n-o 
= *+KI 
! 
if p=2, (16) 
= *-kg1 I if p = 3, n = 2m, 
= *+dy!q 
1 
if $=3,n=2m+l. 
The following formula follows from Lemma 6 for p = 2, 3 and from 
Lemma 10 forp # 2,3. 
UP‘=) &-,(P”) -’ _ NAP”, 1) 
P ad I P I INPI-I)’ - pzan-0 ’ 
(17) 
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Thus (6), (7), and (17) yield that 
& = n N,( p, 1) p+*=n = A,( 1). (18) 
P 
We will now use these formulas to compute h,(l) and h,(2). By (7) and (14) 
A,(t)-l = n 11 - (f)” p-“/-l fl p20n-aNJpa, t)-r 
P&3 94.3 
Therefore 
if 2 = 1 or 2. 
A&l)-’ = 5(2m) 11 + q-1. (19) 
&+r(l)-1 =L(2m + I, x) 11 + q-j-r. (20) 
&42)-l = 5(2m) 11 + &j-l 11 + -1. (21) 
&,+,(2)-l = L(2m + 1, 11 - &/-l x) 11 - $q-: m b 1. (22) 
By definition Ml = l/6. Formula (10) implies that for tl > 1 
M 2 I= &(1)-l (n - l)! 3n’* 
W&-l (2a)” * 
Thusby(12),(13),(19)and(20) 
M2m 
Mzm-1 
= f(24 (3” + (--1)“) (2m - lY3” = B 
3” (27p 2m I 3” +4L-“m 1 (-1)“~I, 
M am+1 -2 
M2m 
L(2m + 1, x) . 3”(2m)I 3”‘+l’* = =2m+l 
(3” + (--l)9 (27y 3” + (-1)” * 
These formulas make it possible to compute M,, . The results for n < 12 are 
in Table V. 
Let (li,‘J be the set of all those lattices in 8, which contain no element x with 
(x, x) =I 1. Define 
yn= c 
LEQ$ Tim ; 
Y”(t) = c AQ-. 
Legs,0 I G(L)1 
(23) 
It follows directly from the definition that 
Yn=Mn--&- 
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Thus it is possible to compute Y, inductively once M,, is known. The results 
for 1 < ft < 12 can be found in Table V. 
It is now easy to verify by straightforward arithmetic that the list of lattices 
in Tables I and II is complete. Observe that since Y, = 0 for 1 < 71 < 5 
it follows that every lattice in dimension at most 12 which contains no vector 
x with (x, X) = 1 is indecomposable except for the direct sum of two copies 
of Us in dimension 12. 
This computation is of course enough to complete the proof of the main 
result of this paper. However as an additional check we will compute M,(2) 
and Y,(2). 
By definition &&(2)/M, = 0. Formula (11) implies that for 71 > 1 
J4W) 2+442)(24 
M* (n - l)! 3*/a . 
Thus by (12), (13), (21) and (22) 
J%%nP) ----c 22927p (229=-1 + l} 
%m (2m - l)! 3” 227=1 (3” :;-l)-) &) 
Mz,+1(2) 2am(2n)2m+1 (22m - 1) (3” - (-l)m} 1 
M 27n+1 - (2m)! 3m+1’2 22m 3” wm+ Lx) 
= (22n - 1){3m - (-1)“) 
%m+1 
These formulas make it possible to compute M,(2) and then Y,(2). The results 
for 1 < n < 12 can be found in Table V. 
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